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ByWalterG.VincentiandCleoB.Wagoner.

SUMMRY

A theoreticalstudyisdescribedof theaerodynamiccharacteristics
at smallangleofattackofa thin,double-wedgeprofileintherange
of supersonicflightspeedinwhichthebowwaveisdetached.The
analysisiscarriedoutwithintheframeworkofthetransonic(nonlinesr)“
smaU-disturbancetheory,andtheeffectsof angleofattackareregarded
as a smallperturbationontheflowpreviouslycalculatedat zeroangle.
Themixedflowaboutthefronthalfof theprofileiscalculatedly
relaxationsolutionofa suitablydefinedboundary-valueyroblemforthe
transonicsmall-disturbanceequationinthehodographplane(i.e.,the
Tricomiequation).Thepurelysupersonicflowabouttherearhalfis
foundby an extensionofthe’usualnumericalmethodof characteristicsflz
Analyticalresultsarealsoobtained,withintheframeworkofthesame
theory,fortherangeof speedinwhichthebowwaveisattachedandthe
flowiscompletelysupersonic..

Thecalculationsprovide,forvanishinglysmallangleofattack,
thefollowinginformationasa functionof thetransonicsimilari~
parameter:(1)chordwiseliftdistribution,(2)lift-curveslope,and
(3)positionof centeroflift.AS inpreviousstudies,theaerodynamic
characteristicsofa profileofgiventhicknessratioshowlittlevamia-
tionwithfree-streamMachnumberas theMachnumberpassesthrough1.
As theMachnuziberisincreasedtohighervalues,however,thelift-
curvesloperisestoa pronouncedmaximuminthevicinityof shock
attachmentandthendeclines.Correspondingly,thecenterofliftmoves
forwardtowardtheleadingedgeandthenreturnsaft. Thesefindings
areinmsrkedcontrasttothebehaviorofthedragcoefficientat zero
angleofattack,whichwasfoundinearlierworktodecreasemonotoni-
callyas theMachnuniberincreasedabove1. AtMachnumbersabovethat
forshockattachment,theresultsofthepresentcalculationstendtoward
thosegivenby’classicallineartheory.
lPortionsofthisworkwerereportedat theVIIIthInternational
Congresson TheoreticalandAppliedMechanics,Istanbul,Turkey,
August20-28,1952.
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INTRODUCTION

Thetheoreticalproblemofthetransonicflowovera thin,double-
wedgeprofileat zeroangleofattackhasbeentreatedinseveralpapers
inrecentyeaxs.Thesepapershaveincommonthattheyemploythe
simplifyingconceptsofthetransonicsmall-disturbancetheoryand
utilizethehodographtransformationto linearizetheresultingmathe-
maticalproblem.Followingthisapproach,GuderieyandYoshihara
(reference1)beganby solvingtheproblemfora free-streamMach
numberof1,usinganalyticalmethodsforthemixedflowoverthefront
wedgeandthem4hod of characteristicsforthepurelysupersonicflow
overtherear. Somewhatlater,thepresentauthors,usinga combina-
tionofrelaxationmethodsandthemethodof characteristics(refer-
ences2 and3),extendedtheresultstofree-streamMachnumbersgreater
than1,wherea detachedbowwaveoccursaheadoftheprofile.At about
thesametime,Cole(reference4)obtainedananalyticalsolutionfor
theflowoverthefrontwedgeat subsonicflightspeeds,utilizing,in
effect,thespecial.assumptionofa verticalsoniclinefromthe
shoulderofthewedge.Morerecently,TriH.ing(reference~)hasbeen
abletoremovethisspecialassumptionand,withtheaidoflessstrin-
gentapproximationsregardingtheflowovertherearwedge,toextend
thesolutionforthesubsoniccaseto includethecompleteprofile.As
a resultoftheseinvestigations,theproblemofthedouble-wedge
profileat zeroangleofattackmaybe regardedas substantiallysolved
withinthelimitationsofthet~sonic small-disturbancetheory.The
experhentalstudiesofLiepmannandBryson(references6 and7)and
Griffith(reference8) indicatethatthetheoretical.findingsarein
fundamental~eement withthephysicalfacts.

Ina recentpaper(reference9),GuderleyandYoshiharahavecon-
tinuedtheirinvestigationsofthedouble-wedgeprofileatMachnuniber1
by consideringtheinfluenceofa vanishinglysmallangleofattack.
Thebasicideainthislaterworkistoregardtheeffectsofangleof
attackasa ftist-orderperturbationonthenonlinearflowpreviously
calculatedat zeroangle.Thisapproachleadstoa linearboundary-
valueprobleminboththephysicalandhodographplanes.Thecalcula-
tionforthefrontwedgeis stillcarriedout,however,inthehodograph
plane,sincethebasicprocedurescanthenbe takenoverdirectlyfrom
thepreviouswork. By thismeans,‘GuderleyandYoshihsmaobtainresults
forthelift-cwveslopeoftheprofileat zeroangleofattackandfor
thecorrespondingdistributionofliftalongthechord.

Theaimofthepresentpaperistoextendtheresultsforthe
dotilewedgeatangleofattacktothecaseof supersonicflightwith
detachedbowwave. Thefundamentalideasof GuderleyandYoshiharaare
followedinreducingthecalculationsforthefrontwedgetoa perturba-
tionprobleminthehodographplane.Thedetailedformulationof the
problemis,however,necessarilydifferentinthepresentcase.The

—..— .—— —-
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boundaryconditions
alreadyobtainedat

fortheproblemap&ar intermsoftheresults
zerolift(references2 and3),andthesolutionis

carriedoutby numericalmethodswhichdifferonly-slightlyfromthose
devisedfortheearlierwork. Thelifton therearwedgeiscalculated
by anextensionof themethodof characteristics.Thebodyof the
paperisdevotedtothedetailedformulationoftheboundary-value
probleminthehodographplaneandtoa discussionof thefinalresults.
Noteworthydifferencesbetweenthenumericalproceduresusedinthe
presentworkandthosealreadydescribedinreference3 aretreatedin
appendicesat theendofthereport.

as criticalspeed
thespeedof

NO’I!MTON

PrimarySymbols

(i-e.,speedatwhichthespeedofflowand
soundareequal)

b numericalcoefficient
(See“equations(39)and’(~).) .

c airfoilchord

c1 liftcoefficient
(
lifttierunitspan

q&’ )

cm momentc~oefficientformoment~takenaboutleading

(momentperunitspanedge
qoc2 )

Cp

P

‘re’smeCoefficient(%F’)
integraldefinedbyequation(45)

numericalconstant
(Seeequation(10).) - “

Machnumber

slopeof segment

staticpressure

ofMachlinein characteristicsnet

.
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localliftingpressure(i.e.,differencebetweenstatic
pressuresonupper

-c pressure

airfoilthiclmess

speedofflow

an(ilow& surfaces)

Cartesiancoordinates

generalizedCartesiancoordinates
(Seeequations(43).)

chordtisepositionof centeroflift

sldpeofcurveofliftcoefficientversustie angleof
attackev&luatedat zeroangle

slopeofcurveofmomentcoefficientversustrueangleof
attackevaluatedat zero’angle

normalizedangleofattack;alsodenotestrueangleof
dcz

attqckwhenusedinderivativessuchas — etc.
da’

absolutevalueof q atleft-handlimitoflattice

ratioof specificheats(1.4forair)

basiclatticeinterval

functionof q and6
(Seeequation(A6).)

normalizedspeedofflow
(Seeeq-tion(la)*page 10.)

specisllvaluesof q ‘
(Seesketch(m)onpageh6.)

normalizedinclinationofflow;e alsodenotestrueinclina-
tionofflowinequation(lb)
(Seeequation(lb)andpage10.)

normalizedhalfangleofwedge

transonicsimilarityp~ ter
(Seeequation(13).)
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P

*

&pA

a,b,c

A$B

o

s

0>1,2,
etc.

*

(-)

( )’

fluiddensity

streamfunction

incrementalvaluesof stresmfunction
(See

points
(See

equations(A9)and(All).)

subscripts

incharacteristicsnet
pageTage43.)

componentsoftotalstreamfunction
(Seeequation(39).)

conditionsinfreestresm

Singukmsolution
(See.equations(A6)and(A7).)

valueata prescribedlatticepoint

conditionsat criticalspeed

Superscripts
,

quantitiesdeterminedat zeroangleofattack

derivativewithrespecttonormalizedhngleofattack
evaluatedat zeroangle

,
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BOUNDARY-VALUEPROBLEMINHODOGRAPHPLANE

DescriptionofFlowField

Sketch(a)isa drawingoftheidealized,inviscidflowwhich

——— —-— —.
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Sketch(a)

mayle expectedabouta wedgeprofilewhentheangle

ShockWOV8
Skeam/ine
Sonichh8
Expansion
Compression)

of
sufficientlylessthanthesemiapexangleofthew@e.

Mach
h?s

attackis
Sketch(b)

Sketch(b)
i
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showsthecorrespondinghodographrepresentationoftheflowoverthe
frontwedge,whichistheregionofprimetheoreticalconcern.~cept
forthesubstitutionof thedetachedbowwaveinplaceoftheinfinite
freestream,theserepresentationsfollowthelinesassumedbyGuderley
andYoshiharainreference9. Thecorrespondingdrawingsforzeroan&le
ofattack,whicharefundamentaltothepresentcase,havebeendescribed
indetailinreferences2 and3.

Inthepresentexample,thepathofthecentralstreamlineinthe
physicalandhodographplanesisbrieflyasfollows:Thestreamline
leavesthebowwaveinthephysicalplane(ortheshockpo@ inthe
hodographplane)atpointA. It thenproceedswithdecreasingsubsonic
speedtoa stagnationpointO ontheundersideoftheprofile.At O
thestreamlinebranches.Thelowerbranchrunsdownstreamalongthe ‘
lowersurfaceoftheprofilewithfixedinclinationbutincreasing
speed.Thesonicspeedisreachedat theshoulderL,wherethespeed
thenincreasesdiscontinuouslyinaccordwiththePrandtl+eyerrela-
tions. Theshoulderitselfmapsinthehodographontotheupgoing
characteristicIM. Theupperbranchofthecentralstreamlineproceeds
fromO upstreamalongthesurfaceoftheprofile.Theinclinationhere
isagainfixedbythatofthesurface,andthespeedincreasestothe
sonicvalueat theleadingedgeJ. Atthispointtheflowischarac-
terizedby anotherPrandtl-Me~rexpansionto supersonicspeed.

Theflowconfigurationwhichshouldbe assumedontheuppersurface
neartheleadingedgeis opento conjecture.Sincethegeometrically
availableangleofturnwil.l$foranythinairfoil.,be greaterthanthe
130°permissibleforexpansiontoa vacuum,a regionof separationis
tobe expected.If theangleofattackisnottoo~eat, thisregion
willprobablybe closed,tiththecentralstreamlinereattachingtothe
qppersurfacea smalldistance%ehind.theleadingedge. Thisreattach-
mentwill.be followedby a compressionoftheflowthrougha systemof-
shockwaveswhosearrangement’issketchedonly.formallyinthephysical
plane(andnotatall.inthehodographplane,wherethecorrectrepre-
sentationwouldprolablylieonseveralsheets).’Theeffectsofthe
flowneartheleadingedgewillbementionedla~r,buttheexact
processwillremainundefined.Whateverthedetails,thespeedonthe
Wer surfacewiXlreturntoa subsonicvQue at somepointK just
downstreamofa terminating,normalshockwave: llrom.Kthecentral
streamlinecontinue~atfixedinclinationdownstreamalo~’theupper

fld surface,thespeedincreasingoncemore’tothesonic%al.ueat the
shoulderB. At thispointanotherexpansiontakesplace,sindlarto
thatwhichoccursatthecorrespondingpo~ton’thelowersqrfaca..In .
thiscasetheshoulderisrepresentedinthehodographby thedown-
goingcharacteristicBG..

.
ThesupersonicexpansionfanfromtheshoulderatB (md simil&ly

atL) isdiscussedindetailinreferences2 apd3. Sufficeitheret-o .
saythatthesupersonicflowfield,ofwhichtheexpansionfamisthe

..— —— — - —- ..— .—..—
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initialpart,isseparatedintotworegionsby theMachlineGE,which
runsfromtheshouldertothesonicpointonthe”bowwave. (Thisline
wasterdedthe‘tsep~tingttMachlineinreference2.) Thesupersonic,
flowintheregionupstreamoftheMachlineGE isinterdependentwith
thesubsonicfieldbetweenthebowwaveandsonicline. Toobtaina
solutionforthefrontwedge,a problemintransonicflowmustthere-
forebe solvedforthesubsonicfieldandtheinterdependentportionof
thesupersonicexpansionfan. Conditionsinthesupersonicflowdown-
streamoftheMachlineGEhaveno influenceuponthesubsonicfield.
Thecontinuationoftheflowbeyond& can%e accomplisheclbypurely
supersonicmthodsoncethe

Asidefromtheobvious
maindifferencebetweenthe
zeroangleofattackisthe
localizedsupersonicregion

solutionofthetransonicproblemisknown.

lackofsymnetryinthepresentcase,the
flowhereandthatpreciouslystudiedat
efistenceinthepresentproblemofthe “
inthevicinityofthenose. As pointed

out,conditionsinthis-regionarediffic~ttoformulate.Theproblem
hasbeenconsideredbyGuderleyandYoshihara(reference9)inthe
courseoftheirworkatMach”number1. Theyfindthat,ifthenose
regionisdisregardedinthehodographandtheboundarycondition
alongKB isfulfilledallthewayintoO, thentheinfluenceonthe
liftoftheresultingfictitiousflowat thenoseisof somewhathigher .
thanthesecondorderintheangleofattack.Thissuggeststhatthe
effectsoftherealflowatthenosemaybe neglectedina first-order
_sis suchasthepresent.Inthework’whichfollows,asinthe
csllculationsofGuderleyandyoshihara,thesupersonicregionat the
leadingedgewillthereforebe disregarded..

FormulationofBoundary-Value

!

Problem

As inreference3,theanalysisisbasedontheequationsofthe
transonicsmall-disturbancetheorywiththestreamfunction# as the’
dependentvariable.Iftheeffectsoftheflowatthenoseareignored,
theproblemofthewedgeatangleofattacka isthenreadilyformu-
latedasa boun&ry-valueprobleminthehodographplane.Tosolvethis

‘ problemforvanishinglysmsXld, itwillbe assumedthatthesolution-Y
atangleofattickcsmbe expressedasthesumofthebasicsolutionv
previouslyobtainedat zeroangleplusa perturbationterm avt,where$
isa functionwhichdoesnotitselfinvolvea. By considerationofthe
differencebetweentheboundary-valueproblemsfor ~ and$,a problem

\ fortheperturbationfunction$’ canbeformulated.Theboundariesfor
thisproblemturnouttobe thesameasthosefortheproblem~tzero
angle,andtheboundsqvsluesthemselvesappearintermsof v. The
detailsofthesematterswillnowbe given.Thereaderwhoisinterested
onlyintheresultscanturndirectlytothesectionChordtiseDistribu-
tionofLiftonpage28. . .

—



2U

A

NACATN2832 9

Basicequations.-Thebasicequationswill.be takenintheform
giveninreference3,thatis,intermsof smalldisturbancesfromthe
criticalspeeda# Theindepen~tintvariablessrethenormalizedspeed~
andthenormalizedinclination0 as definedby therelations

()2“ 1/2
7=— e

7+1 (vO/a*-1)S’2 .

(la)

(lb)
.

where

v

e

V.

a*

7

Use

localspeedofflow

localinclinationofflowrelativetodirectionoffreestream

free-streamspeed

criticalspeed(i.e.,speedatwhichthespeedofflowandthe
speedof soundareequal)

ratioof specificheats

ofthesevariablesisequivalentto introducingtherulesfortran-
sonicsimilari~.Intermsoftheforegoinghodographvariables,the
differentialequationforthestreamfunction$ as givenbythetran-
sonicsmall-disturbancetheoryis

(2)

2Asdiscussedinseveral.recentpapers(e.g.,references10 andn), the
theorycanalsobe formulatedintermsofdisturbancesfromthefree-
streamspeedVo. Thislatter,lessrestrictiveformulationreveals
clearlytherelationshipwhichexistsbetweenthetransonicsmalJ-
disturbancetheoryandthefamiliarlineartheoryof subsonicor super-
sonicflow.As shownbySpreiteE(seepage9 ofreferencen), an a+
analysiswillyieldvaluesofthepressurecoefficientidenticalto
thoseofa V. analysisprovidedthepressurecoefficientandsimilar-
ityparameterinthefoimercasearetakenasinequations(4)and(13)
below.Ifthisprocedureisfollowed,theresultsofthe a+ analysis
mayevenbe expectedto tendtowardthoseoflineartheoryas thefree-
streamMachnumberincreasesordecreasesfrom1. (Ananalytical
examPleof jwk thisbehaviorhasbeengivenby BrysoninappendixA
ofreference7.) Itappears,therefore,thatthe a* formulation
whensuitablyused,givesresultsofwidertheoreticalvaliditythan.
wouldbe anticipatedonthebasisof itsownratherrestrictiveunder-

.. .—. - .——— — — — -—— —— ....——–.—---
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Thisisessentiallythelineardifferentialequationfirststudiedby
‘I!ricomi(referenceE?). Itisellipticfor ~<0 (subsonicspeeds)
andhyperbolicfor ~>0 (supersonicspeeds).

Thetransformationfrom-thehoaographto thephysicalplaneis
governedby thedifferentialrelations

‘6X=

Q’

1 (7+l)(Vo/a*-1)1/2 “
[ 2 1 (m-&T+*fa

P*%

P*% ‘[ w P*a*

(3)

(3)

wherex=x(~,~andy=y(~,&)arephysical-coordinates(horizo~kland
vertical,respectively)correspondingtoa givenvelocityT,e. The
symbolp+ denotesthefluiddensityat thecriticsJ_speeda+. Within
theapproximationofthetransonicsmall-disturbancetheory,thepressure
coefficientCp=(p-po)/~ canbe calculatedfromtherelation .

% = -2‘+ =-2(vola*-1)(~-1)

ThelocalMachnumberisrelatedto thespeedokflowby theequation

M2-1 V ~—= —.
7+1 a*

(4)

(5)

Forsimplici~ofnotation,thetildewillbe omittedfromthe
Sym%Oh V and~ inther-inder ofthedevelopment.It istobe
understood,unlessstatedotherwise,thatthequantitiesq and0 are
themselvesthenormalizedquantitiesdefinedbyequations(1).

Problemat zeroangleofattack.-Whentheangleofattackis zero,
thelocalizedregionof supersonicflowat theleadingedgedisappears
fromsketch(a),andtheflowfieldbecomessymmetricalaboutthechord
line. Thecorrespondingboundary-valueproblemb the v,e planehas

-— —
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beensetforthinreference3. It isrestatedinsketch(c),whereboth
theupperandlowerhalvesoftheflowfieldarenowincluded.Inthis
representation,thesurfacesof thewedgeappearas thesemi-infinite
horizontallinesOBandOL,andthesubsonicportionoftheshockpolsr
appearsasthecurveNAE.

Sketch(c)

Ifthestreamfunctionforzeroangleofattackisdenotedby
~=~(q,e),thereferentialeq~tion.to
equation(2)as

be satisfied,hereisgivenby

Therequirementthattheflowshallbe
wedgeprovidestheboundaryconditions

= o (6)

tangentto’thesurfacesofthe

.

_ _-.. —— - —— — —.— —— ___ —.
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where Ow denotesthenormalizedhalf-a@leattheleahg edge.
stagnationpointattheleadingedgeisrepresentedinthepresent
theoryby theconditionthat

Alongtheshock
requirethat

for

$+0 forT+-m, -ew~e~ew

polsrI?i3E,therelationsforanobliqueshockwave

~v+~mie=o--

L

The

(8)

(9) 0

Along thesonicline,boundaryconditionsareprescribedwhichrepresent
theinfluenceexerte~onthesubsonicfieldby theinterdependentportion
ofthesupersonicexpansionfans. Onthebasisoftheproceduresgiven
inreference3,thisinfluencecanberepresentedcompletelyby the
requirementthat

{

e $.(O,O1)
fq (0,9) +k= dG==O ‘

+ew[*(61-e)]2/3
(lo)

wheretheuppersignsapplyfor 1~0~~ andthelowersigns
for -~~e~-l. Theconstantk= whichappearshereisgivenby

where r(l/3)isthe@ma functionoftheargument1/3. Theuse of
therelations(10)asboundaryconditionsalongthesoniclinereduces
thetransonicproblemoftheflowoverthefrontwedgetoa purely
ellipticproblain-thehodographplane.

Inadditionto theforegoingconditions,a furtherconditionis .
necessarytoassurethatthesolutionfor v willgivetheproperscale
whentransfomnedtothephysicalplane.Thisisfurnished,,forexaqpleY
by thefollowing~ressionforthehalf-chordoftheprofile,foundby
integratingeq-tion(3a)overeitherOBor OL: ..

..— ———.
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.

c! 2
[ IJ
(7+m@#u 1/2’0-.=—

2 Tl*e(ll,*ew)m
p+,a* 2

13

(IL)

Ifthechordoftheprofileisgiven,thiscondition,togetherwiththe
pneviousconditions(7)through(10),issufficienttodeterminea unique
solutiontotheproblem..

\

Itisobviousfromthenatureof theboundary-value@roblem(and‘
alsofromconsiderationsofsymmetryinthe
solutionfor ~ mwt”beantisymmetricwith
canbe simplified,therefore,by diSCardiIIg
~aph andreplacingitby thecondition

physicalplane.)thatthe
respectto 19.Theproblem
thelowerhalfofthehodo-

.

$(q,o)= o forq~-1 , (lZ?)

Theresultingproblemisreadily-solvedwithnumericalmethodsby
assuminganarbitrary~ue of v at somepoint(as,forexsmple,
pointE),solvingfor ~ intheupperhalfofthehodographsubjectto

, /theconditions(7),(8),(9),(10),and(X2),andthenadjustingthe
Isolutionto satisfycondition(n).
1

i

Itisapparentfromtheboundaryconditions’thatthesolutionof
theforegoingproblemwilldependonthevalueoftheparameter~,
~whichdefinestheyositionofthe~per andlowerboundariesinthe
~hodo~ph. ThiSp~ terisrelatedtothemorefsmiliartransonic
)similarityparameter~ by therelation

I

Eo= ‘2-1
‘ [(7+1)(*/c)12’s

where t/c isthethic$cnessratioofthe
Inreferences2 and3 thesolutionof,the
carriedoutforfourvaluesof ~.

.,

(13)

completedouble-wedgeprofile.
foregoingproblemhasbeen

—— — —~ — ——— ——-- -—
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Problematangleofattack.- Ifthesupersonic
leadingedgeisignored,theboundary-valueproblem
angleofattackappearsinthe q,O planeas shown

regionatthe
forthewedgeat
insketch(d).

.8

t

\
———— ———— —— ---------–---+

———— ——— ——— —__ —— ——— ——— ——— ———”i-@w

0= ti~,-lfw-q0)=0
o ~ -Hw-a

;= comffve(~,-%-qff)~~
-m

Sketch(d)

Theprimarydifferencebetweenthisandtheprevioussketchisthatthe
linesOBandOL,whichrepresentthesurfacesofthewedge,haveeach
%eendisplaceddownwaxdby anamounta,where a ‘istheangleof
attacknormalizedinthesamemanneras theotheranglesof inclination
(cf.equation(lb)).s

‘Inreference9,GuderleyandYoshihsrafinditconvenienttoobtainthe
angleofattackby holdingtheprofilefixedandchangingtheinclina-
tionofthefreestream.‘llhisprocedure,ifappliedinthePresent
case,wouldrequiretheeventualcalculationofthesecondderivatives
of $ ontheshockyolar.Thepresentprocedure,whichholtithefree
streamfixedandchangestheattitudeoftheprofile,requiresthecal-
culationofonlya firstderivativeof $ atthesurfaceofthewedge.
Sincetheaccuracyofnumericaldifferentiationdecreaseswithincreas-
ingorderofthederivative,thepresentapproachistobe preferredin
a numericalanalysis.

,.

_.—. -—
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Thestream
~Y wv(v)e;~)j

functionatangleofatt.qckwillbe denotedhere
thelatternotationbeingusedto indicatethedepend-

enceof V upontheparametera. ThefunctionV mustsatisfythe
differentialequation(2),whichisnowwritten

*V7- 27*G9=0 (14)

Theboundaryconditionsatthesurfaceofthewedgenowrequirethat

*(q,*ewu;a)= o for7~0” (15)

while theconditionat theleadingedgebecomes

q~ o for~4-m, -8w-a~G~&a (16)

The shockpolarNAEisunalteredfromthepreviousproblem,andthe
conditiononthisboundaryhasthesameformasbefore.Theconditions
alongthesegmentsBE and

Vq(o,e;a)+

LIVofthesoniclinearenow

(17)

wherethelowerlimitoftheintegralhasbeenchangedinaccordwith
thedisplacementofthepointsB andL. Theuppersignsinequation(17)
nowapplyfor l~e~~-a andthelowersignsfor -~-a~e<- 1. An
expressionforthehalf-chordoftheprofilecanbe foundagainby inte-
gratingequation(3a)overthelineOBorOL,whichgives

2
[
(7+l)(Vo/a*-1)1i2 o

;=— 2 ]J q4@(@ew+z;a)dq (18)
p+a+ “-QI

If thechordof theairfoilisspecified- saythesameasat zeroangle
ofattack- thentheforegoingconditions.aresufficienttodeterminea
solution.No simplificationbasedon symmetryconsiderationsispossible
inthepresentcase.

Perturbationproblem.-Theproblemoftheprecedingsectionconceiv-
ablycouldbe solvedby numericalmethods- thoughwith~eat labor- for
arbitraryvaluesof a: Effortsinthis’directionwouldhardlybe justi-
fied,however,inviewofthefundamentalomissionofthelocalized
supersonicflowattheleadingedge. Itismorereasonabletoexamine
theproblemforvanishinglysmalla,wherethisomissionisvalidand
wherethereishopethattheamountoflabormightbe reduced.

——. -- ..,- —— ——-— — .—-— -.——— --—— —— --- —
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TOproceedalongtheselines,itfiass~edthat
expandedina powerseriesoftheform

*(we;a) = V(TI,e;o) +CLta(TI,8;O)+

W(II,e;CL)maybe

where,forpresentpurposes,onlytermstoordera needbe retained.
Thefirsttermontherightrepresentsthesolutionat a= O andis
tbUSidenticalwiththefunction-$(q,e)pre~o~~ ~~oduced” me
secondtermwillbe alibreviatedbymeansof theno~tion~t(~>o)~a(q>e;o)”
If termsof O(cL~arediscarded,theexpressionfor ~ canthen
be written

if(ll,%~) = $(T,O)+~ w (n,@) (19)

By comparisonofthepreviousboundary-valueproblemsfor q and$,a
problemfortheperturbationfunction~’ wSU nowheformulated.

Thedifferentialequationfor *1 followsatoncefromthediffer-
entialequations(6)and(14)andthesubstitution(19).It iS obvio~W
of thesameformasthepreviousequations,thatis, t

(20)

Th~boundaryconditionsappropriatetothesurfaceofthewedgeare
establishedasfollows:Theboundarycondition(15)for v isfirst
rewritten,withtheaidofthesubstitution(19),intheform

Wq,+-a)+aw(l-l,*ew*)=0 (a)

seriesaboutthelines 0 = +f3w,thefunctions

= $(7,%) - a $G(TI,*~)+ O(a2) (22aj

= WIT,*%) - aWe(v,*f3w) +-0(CL2) (22b)

If these’e~ions aresubstitutedintoequation(21)sad $(q,*f3w)set
equalto zeroinaccordwiththeboundarycondition(7),oneobtains
finallyforvanishinglysmalla ,.

—..—— .—— .-—
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Thisistheboundaryconditionfor Vi appropriatetothesurfaceeof
theprofile.Itwillbe noted,thattheconditionisappliedinthe
hodographat theoriginsl,unreflectedlocationofthesurface
(i.e.,e=~w). Thecon~itiondependsforitsapplicationona knowledge
of thebasicsolutionU.

The
directly
spending

\

boundaryconditionfor v’ attheleadingedgefollows
fromthecondit~ons(8) and (16). It isthesameasthecorre-
conditionfor $,thatis,

$’+ o forV--+m, -~~e~ew (24)

As wasindicated,thefunctions~ and $ bothsatisfythesame
linear,homogeneousboundaryconditionontheshockpolar.Itfollows,
as inthecaseofthedifferentialequation,thattheconditionfor vr
onthepolarisagainthesame,thatis,

(25)

for
.

Thetreatmentoftheboundaryconditionalongthesoniclineis
complicatedby thefactthattheperametera appearsinthecondi-
tion(17)asa terminthelowerlimitof theintegral.Forsimplicity,
thedetailswill.be confinedhereto theuppersegmentBE ofthesonic
line. Forthissegment,condition(17)becomes,aftersubstitution
fromequation(19),

applicablefor l~e~ew-a. To simplifythisequation,thefirst
integralisrewritten

e $e(wl) de ete(o,e~) %- t-y}%) deJ =
ewq (f31-e)2/31 J del-

ew(el-e)2’s [w (el-e)2’s ‘
(27)

. . ..— -.————-———— -—. — —.—-— —— —————-
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It canbe shownfrom
(reference13)that,

NACATN

Guderley’sanalysisofflowata convexcorner
forvanishinglysmallvaluesof (9w-0),the

variationof ~ alongthesoniclinemustbe oftheform

*(o,e)= E (ew-e)4’s

2832

(28)

where 5 isa constantforanygivenvalueof ~. Differentiating
thisrelation,oneobtains

Ve(0,(3=) - (ew-e=.)1’3

Substitutionofthisrestitintothebecondintegralofequation(27)
yieldsthefactthatthisintegralmustbeproportionalto a4@. The
firstintegralinequation(26)canthusbe written

Thesecondintegralofequation(26) canbe treated
rewritingitas

O(a4@) (29)

similarlyby first

‘%@tl;(o, eJ ~
f

e W;(o,e=) J’e v~(o,e=) de
de==

f (30)
el~q(el-e)2’s e (e=-e)2/s1- ~ (e=-e)2@ 1

v

To deducethevariationof W forvanishinglysmall(eW-e),itiS
firstnotedthata resultsimilartoequation(.28)must~so holdfor
thevariationof V relativetothedisplacedlocationoftheshoulder,
thatis,

.

V(o,e) = c (~--e)4’3

ThequantityC = C(a)isa differentiablefunctionof a whichreduces
to t!when a=O. Sincea willeventua13ybemadelessthanany
assignablevalueof(ewe),thisexpressionmaybe expandedintheform

V(o,e)
[

4a= c (ew-e)4’sl-- 3=+ 0(a2)
1

(3-)

. —— .—-
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Nowitfollowsfromthedefinitionof vf that

,

.

.

lim $(o,e) - V(o,e)w (O,e) = -0

a

Substitutionfromequations(28) and(31)thusgi~esforthevariation
of *f inthevicinityoftheshoulder

[
if’ (O,e) = .W=O~j E(ew0)4/”- ~C (OW-@)l/s+O(a)

1

or

w (O,e) = c’ (ew-e)”3-: c (e@)l/3 (32)
●

where C‘-Ca(0). Thismeansthatforvanishinglysmall(Gw-O)

~~ (%Q * (*@l)-=/a

Onthebasisofthisresultequation(30) canbewritten

f

e w@,Q
f

wJo,eJ
de==

~w-a (f31-e)2/s
del+ 0(a1\3)

~w (61-e)2/3
(33).

If equatione(29)and(33)aresubstitutedintoequation(26)andth~
boun@.arYcondition(10) istakenintoaccount,onethenobtainsfor
vanishinglysmalla

(34)

where lse~ew. Theboundaryconditionfor W’ alongtQeuppersegment
of thesoniclineisthusthesameas theconditionfor V. Thesame
resultcanbe showntoholdalongthelowersegment.

Itremains to impbsetheconditionthatthechordof theairfoil
mustremainunslteredduringchangeinangleofattack.lbexpress
conditionintermsof VI,equation(19)isfirst
equation(18)toobtain

2
[
(7+1)(v./a*-l)1’2

;=—P*% 2 J ~“~[’,(q~’e-) +. .

substitutedinto
this

(35)

——-.— —-— -—- ————. —–—-



IwcA m 283220

As in
lower

thetreatmentoftheboundaryconditionsalongtheupperand .-
boundaries,Taylor’s expansiongives

‘Je(T,%u)=$e(7,Mw)-~$0e(q,*f3w)+O(U5 (@)

It can-beinferredtiectlyfromtheboundary-valueproblemfor $
that $e (TyfeW)

?
= O, sothattheterminvolvingthisquantitymaybe

droppedromequation(36a).Stistitutionof”equations(36) into
equation(35) and applicationofthepreviousexpression(n) leads,
forvanishinglysmalla, totheconditionthat

Theboundaryconditions(23),(24),(25),(34),and(37)aresufficient
to determinethesolutionfor ~’ inthehodograph.

Aswith $, theboundary-value‘problemfor v’ canbe Simplified
fromconsiderationsof syuunetry.Since $ isantisymnetricwith
respectto e,thenonhomogeneousboundarycondition(2s)whichis
imposedon$’ alongtheupperandlowerboundariesmustbe symnetric
inthisvariable.Theremainingconditions,whichareallhomogeneous,
arealsosymmetric.Itfollowsthat v’ itselfmustbe a symmetric“
functionof 13.4Theyroblemcanthereforebe simplifiedbyagain
eliminatingthelowerhalfofthehodographandsubstitutinginthis
casetheconditionthat

#

if ’e(q,o) = o forq<- 1 (38)—

4Thisresultcanalsobe argueddirectlyfromconsiderationsinthe
physicalplane.It isne<essarytomaketwoobservationsasfollows:
(1)Sincetheprofileitselfis symmetricaboutthechordline,the
flowfieldata negativeangleofattackmustbe theinvertedImage
oftheflowfieldatan equalpositiveangle.(2)Tobe consistent
withthebasicperturbationassumption,itmustbe presumedthatall
changesintheflowfieldaresmoothf&ctionsofangleofattack
at.a=O. !!Thesestatementstskentogetherimplythatthevertical
distancebetweenanytwopointsofequal q andcorrespondingposi-
tiveandnegative13 is,toa firstorder,unaffectedlyangleof
attaSk.Itfollowsthatyforsufficiently-smalla, theincrements
in v and~ betweenthetwopointsareequalandhence,onthebasis
ofequation(19), that’thevalueof v’ atthetwopointsisthesame.

,

.

.—— ———-
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Theproblemwhichisfinallytobe solvedisthusas summarizedin
sketch(e). Theboundariesforthisproblemareidenticalwiththose
usedtoobtain$. Theboundaryconditionsarealsoidenticalinsofar
astheshockpolarandsoniclineareconcerned.Theonlydifferences
betweenthetwoproblemsazein thecond~tionsimposedalongthebound-
ariesOBandOA. As wasthecasewith $, thesolutionheremustbe a
functionof Elw.

Sketch(e)

Becauseofthenatie oftheintegralconditionalongtheupper
boundaryOB,a directsolutionfor $’ isnotfeasibleby numerical
methods.Toobtaina solution,therefore,theproblemisbrokendown
intotwosubsidiaryproblemsbymeansofthemibstitution

$’ = $“A”+b$’B (39)

where b isa constantwhosevalueistobe determined.Boundary-due
problemsl?OrW’Aand*’B arethendefinedas showninsketch(f).

Pmblemforg’ Probkwfor g’

Sketch(f)

.—. ———— ..--———
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Inbothproblemstheintegral.conditionalongtheupperboundaryOBis
ignoredforthetimebeing,andanarbitraryconditionisintroduced
insteadat thepointE. Intheproblemfor W*A,onlythenonhomoge-
neouscondition(2s)isimposedattheupperboundary,andthecondition
atE isthehomogeneousonethat viA= O. In theproblemfor v’B,
thehomogeneousconditionY’B= O isimposedalongOB,andthecondi-
tionatE isthat V’B hasanarbitraryvalue v?~+o. Theconditions
attheremainingboundariesarethesameas in sketch(e)andarethere-
forenotrepeatedhere. Itisapp3rentthata superpositionof *YA
and*TB willconstitutea solutionoftheoriginalproblemprovidedthe
valueof b isadjustedsothattheintegralcondition(37) issatisfied
ontheupperboundary.The-necessaryequationfor b isfoundby sfi-
stitutingtheexpression(39)intocondition(37)andis

b=--m (40)

Relationsforquantitiesinphysicalplane.-To completethefunda-
mentalanalysis,relationsmustbe establishedbetween~ andthe
relevantqu&i~ies inthephysicalplane.Letx= %(~,e)~d ~ s ~(~,e)
denotethecoortiatesatwhicha ~ven velocityq,O isfoundinthe
physicalplanewhentheprofileisat zeroangleofattack.As shownin
reference3 (pp.29-31),thetransformationequations(3),whenapplied
tothecaseof zeroangleofattack(handwritteninthepresentnotation),
canbe putinthedimensionlessform

(kla)

()[(Y-tl)(t/c)]l’s d ~ = ‘2$~1’3($d~+$@O)
(2ew)L/3d$

c!
=—

4TW
(41b)

where ~w representstheintegral

(42)

—. .—
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. By takingtheoriginofthephysicalcoordinatesat theleading
introducingthenotation~ = =/cand? = [(7+1)(t/c)]l’%/c),
tions(41) can be integratedtogive

Theintegration
curveC which

inequation(b3a)isperformedinthehodograph
beginsat q = -m andendsat thepoint q,e.

generalizedcoordinatesX ~d Y atwhichthesameveloci~ rI,

23

edgeand
eqya-

(43a)

(43)

overmy
!Ihe
e isto

be foundwhentheairfoilisatangleofattackaregivencorrespondingly
by

X(?l,e;a)=—
f4:V ~

(2q$~dq+$qde) (44a)

Y(q,e;a)
(2eJ1/3=— + (Mb)
41W

“meintegrationinequation(~) isconsideredtobe‘tske~overthe
samecurveC asbefore.5Theinteaal Iw isnowgivenby

J

o
Iv = ?Y@@W-) dq (45).

-e
It canbe shownfromequations(19), (36), and(37)thatforvanishin@y
smalda

Iw= ~w (46)

Equations(44)cannowbe specializedinthelightof thebasic
perturbationassumption.Thisassmptionimpliesatoncethatthecoor-
dinatesX andY inthephysicalplanemustbe expressibleintheform

51f C liesslightlyoutsidethedomaininwhichv isdefined- as
willbe thecase,forexample,whentheintegrationistakenoverthe

. uppersurfaceofthewedgeinitsundisplacedposition- V istobe
thoughtofasbeingcontinuedanalyticallyoutsidethe%oundsry.

. .. _—_—— -— —-—— ---—-— _.. . —
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X(q)e;ct) =i(ll, e) + ax’(q, e) (47a)

Y(q, e;a) = f(ll, e) + aY’(q, e) (47b)

where X’(~,G)-&(q,6;O) andY’(q,G)=Ya(qe;O). IfeQre@-ms (19)
and(47)aresubstitutedintoequations(44$,andequations(43)and(M)
aretakenintoaccount,thefollowingrelationsarefinallyobtained
for X’ andYY intermsof ~?:

(48a)

(Mb)

Theforegoingequations(48)givetheinitial.rateofmovementwith
angleofattackofapointoffixedvelocityq,e. Onerequiresfor
practicalapplication,however,therateof changeof ~ and0 ata
pointoffixedlocationX,Y. Equationsrelatingthetwosetsofderiv-
ativescanbe obtainedasfollows:If q ande areregardedinthe .
physicalplaneasfunctionsof X,Y, andc - thatis,~ = T(X,Y;a)
and19= e(x,Y;a) - thenthecorrespondingtotaldifferentialsare L

Consistentwiththebasicperturbation
written

q(x,Yja)= q(x,f)+

e(x,y,a)= 9(i,Y)+

+ qada (49a)

+ e~da -(4gb)

assumption,q ande canbe

a q’(x,~) (50a)

a e~(%,y) (50b)

where ~ and6 representtheconditionsat a givenpoint~, ~ at zero
angleofattackand q’ande’ aredefinedby q~(~,~)sva(X Y; O),
e’(fi,~)-ea(x,Y; o). Inviewofeqpations(50),equations(~9) can
bewrittenforvanishin@ysmalla

dv= ~m+ fi#Y+ q’da (51a)

de= 5@x + @.Y+-e’da (51b)

/

.—.
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fromwhich

Similarly,fromequations(47),onecanwriteforthedifferentials
of X andY asfunctionsof ~,e,andu

ax= ~qdq+ ~@B + X’da

dY = fvdq -!-Tgde + Ytda

~d?l+ ~@O = dx - X’da (~2a)

?vd~+ fede= dY - Y’da (5=)

Solutionofequations(52)for d~andde andcomparisonoftheresults
withthealternativeexpressions(51) givesfinallyfor ~’and19’

Theseequations
thederivatives
X’ andY’ from

(53)

(5W)

can~eputinmoredirectlyusefulformby evaluating
of X and~ fromequations(43) andsubstitutingfor
equations(48).Thereresultsfinally

(54a)

Bymeansoftheseequationstheinitialrateof changeof q andB at
somefixedpointinthephysicalplanecanbe
toanychosenlocationinthehodograph.The
derivativesapplyme foundfromthesolution
bymeansofequations(43).

calculatedcorresponding
coordinatesatwhichthese
at zeroangleofattack

.—__ — .--— ——
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Theforegoingequationsa-econsiderablysimplifiedwhenapplieda~
thesurfaceofa wedgeprofile.Heretheboundaryconditionisthat $
is con@antona lineof constant6 (cf.equation(7)),withtheresult
that *V= O. Equation(%), forexnmple~Cm thusbemittenas
simply

n
(55)

wheretheuppersignspertaintotheuppersurfaceandthelowersigns
tothelowersurface.Thecorrespondingrateof changeofpressure
coefficientisfoundby differentiatingequation(4)withrespectto
angleofattack.If a isusednowto denotethetrueangleofattack
(relatedtothepreviouslyused,normalizedangleofattackby an equa-
tionlike(lb)),suchdifferentiationthengives

(%?~‘-’w”,,.,:-,).,’“
Here q~ is stillthederivativewithrespecttothenormalizedangle
as givenbyequations(5ka)or (55).Withtheaidofequations(5) and
(13), thisresultcanbe rewritten

.

()dCp[(7+1)(w]”” ~ = - 2(2%)1’s q’
a=o

(56)

It canbe seenfromeq~tion(55) andthesymmetrypropertiesof ~
andw that q~ mustbe ofequalmagnitudebutoppositesignon the
upperandlowersurfacesoftheprofile.If thelocalliftcoefficient
isrepresenkedby&/~~(~ower ‘PWPer)/~, itthenfolJ-owsfrom
equation(56)that

((7+1)(t/c)l=~g[W]m .,= 4(2#~3q~ (:+0) (57)

wherethenotationqf(~,+o)indicatesthatthevalueistobe takenon
the-uppersurfaceoftheprofile.Substitutionfromequation(55)gives ‘
finally

.

Bymeansofthisequation,theinitialrote-ofgrowthofliftatany
chordyisestationcanbe obtained.Since~ and@ arebothfunctions .

.

.—. —



.

NACA‘IN2832 27

oftheparameterew,thegeneralizedquantitywhichappearsontheleft-
handsideofequation(57)isalsoa functionofthisparameter.~ese
resultsareinconformi~withtherulesfortransonicsimilmi~ (see,
forexsmple,referenceU_).

MIZCEODOFSOLUTION

Asinthepreviouscalculationsof ~,the%oundary-valuepro31ems
for V?AandV% canbe solvedthroughtheuseoffinite-difference
equationsandrelaxationtechniques.A detaileddescriptionof the
generalmethodhasbeengiveninreference3 andneednotbe repeated
here.Mostofthenecessaryfinite-differenceequations- notablythe
&diousonesalongtheshockpolarandsonicline- canbetakenover
directlyfromthepreviouswork. Theonlyequationswhichneedbe
&lteredarethosedirectlyinfluencedby thechangeinboundarycondi-
tionsontheupperboundaryandonthehorizontalaxis. Theonlyreal
difficultyfromthissourceisencounteredinthesolutionfOr VIA in
thevicinityofthestioulder(pointB insketch(f)).At theshoulder
itself,theboundaryconditionsrequirea singularityinthefirst
derivativesof ~tA,whichmeansthatanypurelynumericaltreatment
wouldbe ofdoubtfulvalidityintheviciniizyofthispoint.~iS dif-
ficultyisovercomeby subtractingoutananalytical’solutionofthe ‘
propersingularformandthenworkinglocallywiththedifference
betweenthissolutionandthedesiredunknown.Thesingular8olution
isobtainedfromthegeneralresultsofGuderley(reference13) andis
expressedinterms.ofhypergeomda.-icfunctions.Thedetailsof this
andothermattersregardingthenumericalcalculationsforthefront
halfoftheprofilearegiveninappendixA.

Withthesolutionknownforthefronthalfof theprofile,the ,-

calculationoftheliftontherearhalfisa simplematter.Thecom-
putationsarecarriedoutinthephysicalplaneandarebasedonthe
characteristicsnetpreviouslyconstructed.fortheflowovertherear
wedgeat zeroangleofattack(see,forexample,fig.4 ofreference3).
StartingfromtheInmwnsolutionfor *‘,onefirstemployseqwtions(48)
tocomputetheinitialrate.ofmovementof thepointsatwhichtheMach
lines ofthebasiccharacteristicsnetmeetthesonicline.Usingthese
resultsandtheknownslopeofthesegmentsofthebasicnet,onethen
proceedsstepwisealongconsecutivedowngoingMachlines,calculating
theinitialrateofmovementof successiveintersectionpointsoneach
line.By applicationoftheproperboundaryconditionsatthesurface
ofthewedge,thevalueof q! atthesmfaceisfinallydetermined,and
fromthistheinitialdistributionofliftiscalculated.Thedetails
oftheprocedurearegiveninappendixB.

——.———--— ..——— .— -- -— — .—— —.— ———–—
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RESULT’SANDDISCUSSION

Calculationsofthelifthavebeencarriedout,folJ_owingthe
methodsjustoutlined,forthesamevaluesof ~ &ed inthework
at zerolift,namely,1.3,1.6, 2.4,and4.2. Thesevaluescorrespond,
respectively(seeequation(13)), to valuesofthesimilarityparam-
eter ~o of1.0%, o.=, 0.’703,-0.484.

To iHustratetheresultsforthefrontwedgeinthehodograph,
figures1 to 3 havebeenpreparedshowingthevariationof $tAj$?B,
m V’for ~= 1.6.6 me restitsfor $~

f
(fig.1)areonlyslightly

differentfromthosepreviouslyshownfor infigure3 ofreference3.
Asbefore,a rapid(butregular)variationisapparentinthedependent
variableinthevicinityofthepoint q = O, 0 = 1. me restitsfor~’A
(fig.2) show‘arapidvariationnearthepoint q = O, 8 = Ow. Thisis
a consequenceofthepreviouslymentionedsingularityinthefirst
derivativesof ~~A atthatpoint.Thevaluesof v’ (fig.3) are
foundinthepresentcasefromtheequationVr =*’A - 0.5348*’B
(cf.equation(39)). Theyexhibitthesamebehaviobas does $’A h
thevicinityofthesingulsrpointbutdiffermarkedlyinotherpartsof
thefield.Forreference,thenumericalvaluesfromwhichfigures1 and2
wereplottedaregivenintabularformattheendofthereport. .

Thecompleteresultsfortheliftoftheprofilearegivenin
figures4 through7. Theseresultswillbe discussedinthefollowing
psmgraphs.

.

Figure4 isa

ChordwiseDistributionofLift

plotofthecalculatedliftdistribution,intran-
sonicsimilarityform,forthefourvaluesof go consideredinthe
presentwork.Alsoshownaretheresultsfor Eo= 0(%= 1)givenby
GuderleyandYoshiharainreference9. It isconvenientforpurposes
of discussiontothinkofa similarityplot,suchasthatoffigure4,
aspertainingtofixed~lues of t/cand7. Fromthisstandpoint,an
increasefromzerointhesimilarityparameterE..isequivalenttoan
increasefroml inthefree-streamMachnumber~. Forsimplicity,
thispointofviewwillsometimesbe adoptedinthedescriptionsthat
follow.

6Forthecalculationof ~’B inthisexamp~e,usewasmadeof236
latticepointsdistributedas shownfor w infigure2 ofreference3.

.

For v’~ 380pointswereusedtitha distributionappropriatetothe
>alteredehaviorofthedependentvariable.

— —.
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.

Theliftdistributionsoffi~e 4 areaKlof thesamegeneral
shape.Inallcasesthecalculatedlift“tendstowardinfinityat the
leadingedgeoftheprofile.Thistypeofkesult,whichisofcourse
physically@possible,iswellknownfromthelineartheoryofairfoils
at subsonicspeeds.It isa resultoftheobviousfailureofthesmalL-
disturbanceapproximationsto conformwiththeactualphenomenainthe
vicinityoftheleadingedge. !l%islocalfailureofthetheoryis
knowninthelinear,mibsoniccasetobe oflittleconsequence insofar
astheover-allliftisconcerned.Itmaybe presumedthata simil=
situationexistshere.

As oneproceedsrearwardfromtheleadingedge,theliftdistribu-
tionfallsmoreorlessrapidly,reachinga valueof zerodirectly
forwardoftheshoulder.Thislatterresultcouldhavebeenforeseen,
sincethespeedonboththe“~r andlowers-aces hasa fixed
(i.e.,sonic)valueatthislocation.Directlyto~heresrofthe
shoulder,theliftdistributionstartsanewfromze,ko.mis must
obviouslybe thecase,sincetheexpansionfromsonicspeedis,in
Prandtl-Meyerflow,a uniquefunctionofthelocalturningangle,which
isthesameforbothsurfaces.Rearward fromtheshoulderthelift
increasesmonotonicallytoa relativelysmalJ,finitevalueat the
trailingedge.

Overthefrontwedge,thefourcurvesofthepresentstudyexhibit
a untiormprogressionwithrespectto ~o. ThecurveofGuderleyand
Yoshihara,however,crossesthepresentcurvesat seversilpoints.The
reasonsforthisareno%clear,thoughitishighlyunlikelythatsuch
a resultcouldbe infactcorrect.Theobservedbehaviormay%e dueto
someconsistentinaccuracyinthepresentnumericalapproachortothe
approxmtionsintroducedby Gu.derleyandYosbiharainsatisfyingthe
boundaryconditionsfortheinterdependentportionofthesupersonic
expmsionfan. Overtheresinwedge,thepresentcomputationsgivevir-
tuallya singlecurveforthefourvaluesof ~o. Thereisagain,how-
ever,a smallinconsistencywiththeresultsgivenby Guderleyand
Yoshihara.Thisisasmightbe expectedifthecalculatedflowoverthe
frontwedgeisinerror’ineithercase.

Lift-&e Slope

Figwe 5 showsthegeneralizedslopeof
angleofattackplottedasa functionof the

thelfitcurveat zero
transonicsimilarityp~-

et&. Resultsobtainedonthe.basisof thetransonicd-dist&~ance
theoryareshownby threesolid~linecqrves.Eachofthesecurvescon-
sistsof twosegmentsseparatedby a gapwith-inwhichthecuivecanpot
be definedonthebasisoftheavailableresults.The.uppermostofthe
threecurvesgivestheliftofthecompleteprofile;theothertwoshow
thedivisionofliftbetweenthefrontandrearwedges.

—. — —
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Theleft-handsegmentofeachofthecurvesinfigure5 showsthe
variationoflift-curveslopeovermostof therangeofflightspeedin
whichthebowwaveisdetached,whichistherangeofprimaryconcern
inthepresentanalysis.Thecsll.culatedpointsfromwhichthesecurves
weredrawn=e shownh thefigure.Thepointsdenotedby squareswere
obtainedby~chanicalintegrationofthelift-distributioncurvesof
figure4.7 Thecircledpointsontheverticalaxiswerelocatedonthe
basisof theworkofGuderleyandYoshihsra.

Theright-handsegmentofthe’curvesinfigure5 showsthevaria-
tionoflift-curveslopeintherangeofflightspeedinwhichthebow
waveisattachedandtheflowis completelysupersonic.Totheorder
of accuracy ofthepresenttheory,thisconditionexistsforthedouble-
wedgeprofileat zeroangleofattackwhen go~ 21/3= 1.260.6Above
thisvalue,resultscompletelyconsistentwiththefundamentalassump-
tionsofthetransonicsmall-disturbancetheorycaneasilybeobtained
by aIl~iC~ methods.Tothisend,oneneedonlypresumethatthe
speedisconst&t“oneachstraight-lineportionoftheairfoilsurface}
a conditionwhichisactusllyfulfilledovermostofthepertinent
rangeof ~. ThenecessaryproceduresareoutlinedinappendixC. Tb
theaccuracyofthetransonicsmaJ1-disturbancetheory,there~ts
provide&n exactsolutionforthelift-curveslopeofthefrontwedge
forallvaluesof go intherangeofcompletelysupersonicflow.For
therearwedge- andhenceforthecompleteprofile- thesolutionis
exactdowntoa limitingvalueof go somewhatgreaterth 1.2@.
mlow thislimittheinteractionoftheshockwavefromthebowandthe
expansionfanfromtheshoulderinfluencesthe4?1owovertherearWe@e,
withtheresultthattheconditionof constantspeedisnotsatisfied.
Thepositionofthislimitisdifficulttodetermineexactly.As sho~m
inappendixC,however,itmustlieata valueof go lessthan1.28’7.
Thecurvesfortheresxwedgeandcompleteprofilearethusapproximate
foratleasta portionoftheintervalfrom1.287 to 1.260and’are
thereforeshowndottedinthisrange.It canbe demonstratedthat
inclusionoftheinteractioneffectsintheanalysiswouldcausean
increaseinthecomputedliftfortherearwedge.Exact.resultswould
thusliesomewhereabovethedottedportionofthecurvesinfigure5.

.

.

7Asintheesrliercalculationsofthedragcoefficientat zeroangle
(cf.page36 ofreference3),theintegrationovera smallinterval
neartheleadingedgewascarriedoutanalyticallyonthebasisofan
asymptoticrepresentationofthesolutioninthehodographplane.

attachmentofthewavetakesplaceatthesomewhatlowervalueof
E. = 3/(4)2’3 = 1.191. For 1.191< .5.<1.260thewaveisattached
buttheflowbehinditisstillsubsonic.
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.
. Themostinterestingaspectoffi~e ~ isthebehaviorofthelift

inthevicinityof shockattachment.Despitethegapinthec~es in
thisvicinity,itisobviousthatthelift-curveslopeofthecomplete
profilemustattainamsximumsomewhereintherangefrom go= 1.OX
to E.= 1.287. Thisisinmarked- andsomewhatsurprising-contrast
to thepreviousresultsforthedragcoefficientat zeroangleofattack,
whichwasfound(reference2)todecreasemonotonicallyasthesimilari~
parameterincreasedabbvezero.Thepeakinthecurveinthepresent
caseisaccompaniedby a similarvariationinthelift-curveslopeof
thefrontwedge.Theresqltsfortherearwedgemayormaynotpass
througha @nimuminthesamerangeof go.

.

.

.

A determinationoftheexactshapeofthecurvesinthevicinityof
shockattachmentisnotfeqsibleonthebasisofthepresentlaborious
methods. Theexistingcurveforthecompleteprofiledoesshowa maximum
intherangeofcompletelysupersonicflow,butthisisintheportion
of therangeinwhichthecomputedcurveislmowntobe erroneouslylow.
Ifexactresultswereavailableforallvaluesof ~ themaximwnwould

1?undoubtedlybe somewhathigheranddisplacedsomewhatotheleft. The
infinitywhicha~e~s intheslopeofthecurveat ~.= 1.260(see
appendixC)wouldprobablydisappesraswelJ. me liftoftherear
wedge,whichnowgoesto zeroat go= 1.260,wouldpresumabl.yremain
finitethroughout.

Withinthetransonicrangeitself,thecurvesoffigure5 show
littlevariationforsomedistanceabovea shilari~parame&-rofzero.
ThisisinaccordwithGuderley’srecentanalyticalstudyoftwo-
dimensionalflowswitha free-streamMachnumbercloseto1 (refer-

1 ence14). Theresults ofGuderley’sworkimplythat,totheacc&acy
ofthesmall-disturbancetheory,thelift-curveslopedoesnotvaryas
thefree-streamMachnumberpasses.t%rough1. Thecurvesoffigure5.
havebeenfairedsoasto confomnwiththisreqtiement.It isapparent
thatGuderleyrsresultof zerovariationmaybe takenasa goodwm%i.ng
approximationeven’atMachnumberssomedistanceremovedfrom1. The
sameresultwasfound,inreference3 withregardtothedragcoefficient
ofthecompleteprofileat zeroangleofatta.&.

Overmostoftherangeof completelysupersonicflow,the”lift-
curveslopeofthecompleteprofileexhibitsthetypeofvariationwell
knownfromlineartheory.Thislattertheorygivesforthelift-curve
slopeofallthinprofiles

.

.

(59) ‘

—— — - -— —.. - ——
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whichcanlewrittenintermsofthetransonicsimilarityvariablesas

K7+w/c)ll’s :=* “EOV2 (60)

Thedashedcroneinfigure5 isbasedonthisequation.Thereiscon-
siderablequantitativedifferencebetweenthe“linearandnonlinear
resultsforvaluesof ~ justabove1.287. AS E.. increases,how-
ever,thecurvesgivenby thetwotheoriesappeartoconverge.This
latterbehavioris inaccordwithSpreiter’sconsiderations(refer-
enceU) regardingthebasicrelationshipbetweenthelinearandnon-
lineartheories.

ToputtheresultsInmoreXamiliarform,thelift-curveslopeof
thecompleteprofilehasbeenreplottedinfigure6 asa functionof
Machnumberfor 7 = 1.4. Tberesultsoflineartheorygivea unique
curve&finedbyequation(59). Thenonlinear,transonictheorypro-
videsa familyof curveswiththicknessratioasa parameter.gAs
wouldbe expected,therangeofI@chnumbersoverwhichthelinear
theoryisa poorapproximationbecomessmallerasthethicknessratio
isreduced.Itcanbe reasoned,infact,thatthenonlinearresults
musttendtowsrdtheresultsofthelinesrtheoryas tjcdo.

Figure7
asa function
ofthefigure

CenterofLift

showsthechordwisepositionofthecenteroflift(x/c)7
ofthetransonicsimilarityparameter.Thearrangement
parallelsthatoffigure5. As befor’e,theindicated

.

pointswerecalculatedonthebasisofthe.liftdis~ibutionsof
figure4. Themmve intherangeof completelysupersonicflow
(~.Z 1.260)wasobtainedbymeansoftheequationsofappendixC.
Onlyresultsforthecompleteprofileareshown.

‘Here,as inreference2, a multiplici@of curvescouldbeobtained
foreachthicknessratioby usingexpressionsforthepres~urecoef- .
ficientandslmilsrityprameterdifferentfromthoseofequations(4)
and(13).Ihviewoftherecentdevelopmentsoutlinedinfootnote2,
suchcomplicationsnowappeartobe oflessenedsignificance. .

.
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ThemovementofthecenterofliftwithincreasingMachnumberis
of sometiterest.At a free-streamMachnumberof1, theresultsof
GuderleyandYoshihsraindicatea positionabout29percentof the
chordaftoftheleadingedge.As theMachnumberisincreased,the
cenxrofliftfirstmovesforward,slowlyintheinitialstagesand
thenmorerapidlyas theconditionforshockattachmentisapproached.
Inthecompletelysupersonicrange,thistrendisreversed;thecenter
ofliftthenmovesafttowardthemidchordlocationgivenby linear
theory.Apparently,thereversalofthedirectionofmotionmusttake
placerathersuddenlyinthevicini~of shockattachment.Thelimit
offorwardmovementcannotbe specified,exceptta saythatitmustlie
somewhereaheadof22percentofthechord(andprobablyaftofthe
leadingedge).Thedotted(i.e.,inexact) portionofthecurvepasses
preciselythroughthequarter-chordpointat go= 1.260.(Thecorre-
spondingliftdistributionisoneofuniformlfitonthetiontwedge
andzeroliftontherear.)Becauseoftheinteractioneffects
previouslydiscussed,anexactresultwouldliesomewhatabovethe
dottedcurve. .

CONCIUIIENGREMARIG
,

.

Thepresentcalculationsaddsupportto thegrowingconclusion
(seereferences2, 6,7,8,and14)thatnomsrkedchanges-t&eplace
incharacteristicsofairfoilsectionsas thefree-streamMach.nuniber
passesthrough1. ‘llheestablishmentofthisconclusionmustbe regarded,
infact,as oneof themajorsuccessesofrecentresearchin‘tiansonic
flow.Inthepresentcase,as inthepreviousstudyofthedragcoef-
ficientat zerolift,thevariationoftheaerodynamicqusxkitieswith
free-streamMachnuniberismostrapidinthevicinityof shockattach-
ment. Unlikethebehaviorofthedragcoefficient>however,thevaria-
tionsherearelargeandcharacterizedbya suddenreversalinthesign
of thederivative.In drawingconclusionsfromtheseresultsitmust
be rememberedofcourse,thatthetheoryassumesan inviscidmedium
andanairfoilofsmallthicknessandinfinitespan.Italsoassumes,
ineffect,thattheangleofattackisofan ordersmallerthanthe
thicknessratio.Towhatextenttheresultswillbe validforviscous
flow aboutfinite-spanairfoilsatpracticallyusablevsluesofthe
thicknessratioandangleofattackisdifficultto say. Theeffectsof

.

--—-.
.——————-———-------------...__——. -_-— —. ——
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finitespan,forexample,MU surelycausea reductioninthevariations
ne~ shockattachment.In thepresentstateoftheoreticaldevelopment,
thestudyoftheseeffectsisa taskforexperhsnt.

AmesAeronauticalLaboratory
NationalAdtiso~CommitteeforAeronautics

MoffettField,Calif.,Aug.1,19~2

.

. .

—. — —————— ———— .—
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APPENDIXA

SOLUTION(IFBOUNOARY-VALtlEPROBLEM

FORFRONTWEDGEINHODOGRAPHPLANE

Thesolutionoftheboundary-valueproblemsfor ~’A@d@B ~
accomplishedby finite-differencemethdssimilarto thosedevelopedfor
thecalculationof $ inreference3. Thedescriptionherewillbe
limitedtothefewfeatureswhereinthepresentworkdepartsfromthat
discussedintheearlderpaper”.(SeegeneralremarksunderMETHODOF
SOLUTION,)Thenotationandsketchesfollowthe.conventionsusedin
reference3.

Finite-DifferenceEquationsComnontoBothProblems

Theonlyfinite-differenceequationscommontotheproblemsfor
$tA~$’B butnotfoundintheproblemfor ~ derivefromthebound-
aryconditiononthehorizontalaxis(seesketches(e)and(f)).This
conditionis givenforbothproblemsby equation(38)andis v’e(q,O)= O
for ~~-1. Inthepreviouswork,thefinite-differenceequationsfor
latticepointslocatedona bouudarywereobtainedby approximationto
theboundaryconditionitself..Inthepresentcase,theappro@mation
tothedifferentialequationwillbe employed,andtheboundarycondition
incorporatedthroughuseoftheequivalentsymmetryproperty.

Considera typicalpoint O onthehorizon-
talaxisas shownin sketch(g). Point3 isa
fictitiouslatticepointlocatedbelowthehori-
zontalaxisat @ = -A,whereA isthelattice
interval.Thefinite-differenceappro-tion to
thedifferentialequation(20)ofthepresent
t- isgivenby equation(20)ofreference3 as

(&1)

/

where T).istheabscissaofpointO. The symme-
trypropertyleadingtotheboundarycondition’ Sketch(g)

requiresthat v~==~’=, sothatforpointsonthehorizontalaxisequa-
tion(Al)reducesto

—=..—. —.—-—— —- .—. .- —.——— -— .——. ..—
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Thepointattheintersectionofthehorizontal
polarneedsspecialconsideration.Sketch(h)shows

point. Here,asbefore,

axisandtheshock
conditionsatthis
point4 isa ficti-

J ,3 tiouspointiocatedbelow-theboundarysym-

7
metricaltopoint3. Itfollowsfromthe
boundaryconditions(25)and(38),bothof

A which must be satisfiedatthepoint0,that
A / Ao thefirstderivativesinthecoordinate

~, kA
directionssrebothzeroatthatpoint.On
thebasisofthisfact,ifthefunction

\ *’(qje)isexpandedina two-dimensional
Taylor’sseriesaboutpoint0,thefollowing~\ finite-differencerelationsforthesecond

Sketch(h) derivativesareeasilyobtained:

Herethesymmetrypropertyaboutthehorizontalaxishasbeenwed to
equateY’4toV’a. “~stitutionoftheserelationsintoequation(20)
for ~ = -1leadstothefollow5ngfinite-differenceequationforthe
pointo:

4(1-2k2)*’=-~
[ 1

(1-2F)*’2+4*’S - 4 + $ (N@ *’0 = o (A3)

Fimite-llifierenceEquationsSpecialto *’B

Theonlyfinite-differenceequationspecialtotheproblemfor *’B
istheoneusedtoterminatethefieldof computationat somevertical
lineontheleft.As inthecorrespondingworkfor ~,thiseqmtionis
derivedfromanasymptoticsolutionoftheboundary-valueproblemvalid
forlargenegativevaluesof ~. Thederivationisparalleltothat
describedindetailonpages16and

&~6w)=o
19=

{
_ g--o

for ~-D---

J&, 0)=0
@=

17 ofreference3.

Theboundaryconditionswhich
mustbe satisfiedby ~’B atkge
negativevaluesof q areshownin
sketch(i). Theshadedsectionshows
theanticipatedvariationof $’B
forconstantq. A solutionofthe
differentialequationwhichsatisfies
thegivenboundaryconditionsis

Sketch(i)
.
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where Kli~ isthemodifiedBesselfunctionofthesecondldndof
orderl/3-andthe ~ areappropriateconstants.If
termofthissolutionisusedandtheBesselfunction
firsttermofitsasymptoticexpansion,thereresults

only theleading
isreplacedbythe

As intheesrlierwork,let A denotethelatticeintervaland ~ some
largenegativevalueof ~ suchthat A/~<<1. Itthenfollowsfromthe
foregoingsolutionthat,toa firstorderandfora givenvalueof i3,

~’B(-b&e)

%(-he)
= (+-) exp(-~@ (A4)

By substitutingthisrelationintoequation(Al),a finite-difference
equationcanbe obtainedwhichisvalidforpointsonthe-lineq = -~
anddoesnotincludeanypointstotheleftofthisline(cf.eqyation(22)
ofreference3)0

.
.

Finite-DifferenceEquations@ecid to VIA

Theonlyequationsspecialtotheproblemfor *’A ariseasa con-
sequenceoftheconditionalongtheupperboundary,~~herethevalues
of *’A areprescribedasa functionof q. Alongmostoftheboundary,
thisconditioncanbemetby substitutingtheprescribedvaluesdirectly
intofinite-differenceequationsofthetype(Al)for’potitsoneinterval
belowtheboundary.Becauseofthenatureoftheboundaryvalues
near n = O,however,somechangefrumpreviousproceduresisnecessary
inthevicinityoftheshoult(er.Modificationisalsorequiredinthe
equationsusedtoterminatethefieldontheleft.

Pointsnearshoulderofwedge.-Fromthedown behaviorof ? in
thevicinityoftheshoulder(seeGuderley’sresults,reference13,for
theflowarounda convexcorner),itcanbe shownthatthevariation
of ~’A alongtheupperboundsrynear ~ = O mustbe oftheform

.

.

*’A(~,%)=$e(@w)‘D (-T)=/2 (A5)

where D isa constantofproportionality.A singularsolutionofthe
differentialequation(20)whichisvalidinthevicinityoftheshould=

.-—.— ,.————— .- —
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andwhichsatisfiestheboundarycondition(A’j)isalsoobtainablefrom
Guderley’sresults.Thissolutionis,fithepresentnotation,

(A6)

~~hereF isthehypergeometricfunctionand K = ~(q,e)isdefinedby

Equation(A6)issuitableforuseneartheupperboundary(6’% ~, ! ~ O).
Nearthesonicline(-q=0, ! ~- BJ)thefolJxmingalternateformis
available:

W’Aa(We) = ~
{[ 2T’= (

112
)

(-q)3+@-@ F -~~~fi +22/s

(A7)

If equation(A7)is evaluatedonthesonicline,thereresults

*’A8(0,0)
&/3

=~D(~w-19)1’3

Thisresultisinagreementwithequation(32),whichwas
otherconsiderations.Itisapparentfromequations(A5)
a solutionfor W*A wiU.havea singularityinthefirst
thepotit q=O, f3=~.

(A8)

developedfrom
and(A8)that
derivativesat

Becauseof-theforegoingsiqgilarity,a directnum=icalcalculation
of $tA mightbe expectedtoruntitodifficultyinthevicinityofthe
shoulder.Attemptsalongtheselineslead,infact,totheunlikely
resultofnegativeMft overa smallregionoftheprofilejustforward
ofthemidchord.Reductionsofthelatticeintervalto quitesmalJ_values
servedmerelytodecreasetheertentofthisregion.Thisisincontrast
tothepreviousworkfor Y (andfor *’B aswell),inwhichtheSingu-
brity attheshoulderappearsinthesecondderivatives.Inthatcase,
a sufficientlyaccuratesolutionfortheunhewnfunctioncouldbe obtained
by directcalculation.Inthepresentwork,itwasfoundnecess=yto
subtractoutthesingularityinthefirstderivativesaccordingtothe
followingprocedure:

Leta ~ctiOn b~’A be definedsuchthat

._— —.-.—
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where V’As isa singularsolutionofthetype@venby equations(A6)
and(A7).Iftheactual,numericallydeterminedvaluesof ~’A onthe
upperboundaryareexamined,itisfoundthatfora smalllengthofthe
boundaryneartheshoulderthesevaluescm bereplacedto a goodappr@-
mationby a l/2-powervariationof-theformgivenby equation(A5).This
isdone,andtheconstantD isdeterndnedsuchthatWithin’thislength

;~~&&&u~’&~~~~)f;rv’~$~~) ‘r a~’A=0. Onthisbasis,~canbe definedfora smallregionnear
theshoulderas showninsketch(j). The B
problemfOr &tfA @thin thisregionis I 8g’=o
solvedjointlywiththeproblafor $‘A

‘1 I
intheremainderofthefield.Thetwo
regionsarefittedtogetherby theuseof I 78W) _J
overlappinglattices,muchas isdonein I@%’4f(&;.JJd4=~ ‘
thecaseofa gradedmesh(seereference15). I 8W‘

/Theonlydifferenceisthateqyation(A9) ‘——–—————–a~’=$j’-g 4
mustnowbeutilizedtomakethetransition
betweenthetwoktticesatallLtheircommon Sketch(j)
points.Itisseen.fromsketch(j)that
conditionsfor 8’+‘A onboththeupperboundaryandsoniclineare
identicalwiththec&respondingconditionsfor v. Thefinite-difference
equationsforthecalculationof by‘A canthereforebetakenover
directlyfromtheprevio~work.

.
As nearly’asonecanjudgefromexperiencewithvariouslattice

spacings,resultsobtainedby theforegoingprocessarequantitativelyas. wellas qualitativelyre,liable.Theprimarysourceof errorisinreplac-
tigtheaCtUS3valuesOf ~lA alongtheupperboundaryby a l/2-power
variation.Sincetheregionoverwhichthisisdoneinthehodo~aph
correspondstoa verysmallportionofthechordinthephysical&lane,
errorsfromthissourceareprobablysmall.

.

.

Pointsfartotheleft.-The
boundaryconditio~for ~’A at
largenegativevaluesof q are
showninsketch(k).IYomthe
asymptoticsolutionforthebasic
problem(equation(21)ofrefer-
ence 3), theexpressionfor *;A
alongtheupperboundaryisfound
tobe

Sketch (k)

———-– — __—. —
_ ..—— -——-—-— — —
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‘$’A(ll,eW) = $e(TIj@=E(-q)-l\*exp
[

.$ (47)9/’
1

(Ale) .

where E isa constant. .
Becauseofthenatureoftheboundarycondition(AIO),itisnot

possibletowriteanasymptoticsolutionfor ~’A for~ge negative~
ina singleterm.Forthisreason,theprocedurepreviouslyusedto
terminatethefieldofcalculationat somelocationontheleftcannot
be applie?iinthepresentcase.h alternativeproceduxe,somewhatmore
ar%itraryinnature,canbe devisedby writing~’A intheform

where 6VtA isnowdefinedbyt#tA(~,8)#’A(V,0)-~t (O,Ow)(see
sketch). $Theatt’en~tionof ~’A h goi~ ‘rema poti at ~ = ‘~
toapointat q= -p -A isthenfoundbytreatingeachoftheterms
inequation(All)asu independentquantity.Theattenuationof
~’h(T,OW)isfond fromeqwtion(AI-O)byaprocedur~sindlartothatused
in”ob%a&hgeqyation

V’A(-P-A,%)

(A4). Theresultis

‘1’oobtaina correspondingequationfor @’A, itisass~d thatfora
givenvalueof O thisquantityattenuatesinthesamkmanneraswas
previouslyfoundfor ‘$’B.Onethushasfromequation(A4)

Substitutionoftheseexpressionsinequation(All)for q = -~-A
givesfinaUy

shCe ~tA(-BJ~) i8 a b~ qmntftyfor‘y @ven‘dw ‘f ~~‘his
equationcanbeusedtoterminatethefieldof cslculatidninthesame .
manneraswasdonewithequation(A4).Theconsiderableelementof
arbitrarinessinthederivationofequation(A14)canbe toleratedsince
theover-allsolutionisinsensitiveto changesintheleft-handportion

.

ofthefield.

—— .—
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.
SolutionofFinite-DifferenceEquations

*
Thetechniquesusedtoobtaina solutionofthefinite-difference,

eqUatiOIISfor ~tAandV’B werethesameas thosedescribedinrefer-
ence3 for-thebasicsolutionof ?. In general,thegradedlatticeas
usedfor $ (seefig.2 ofreference3) wassuitableforthe”solution
of ~tB. For !~A,however,differentgradationswerenecess~ with
thesmallestlatticespacingbeingusedneartheshoulder(pointB of
sketch(e)).!he~- of $YB at theintersectionoftheshockpolar
andthesoniclinewaschosenas10,000sothatthepreviouslyobtained
valuesof v couldbeusedtoprovidethe.initialguessfor YtB.

Inthecourseofthepresentwork,a usefultechniquewasfoundfor
locatingregionsofrelativelylargeerpr inthenumericalsolution.
ByuseofoneformofGreen’stheoremplusthedifferentialequation(20)Y
itcanbe shownthataroundanycontourenclosinga regioninwhich
equation(PO)issatisfied“thefollowingrelationmusthold:

In a numerical
exceptby rare

f
(’w’fp’l + W@e)= o (J@

solutionthelineintegralinequation(A15)willnot,
coincidence,be preciselyzerosroundanygivencontour.

Theamountby whichitdiffersfromzeromaybe takenasa roughmeasure
oftheadequacyofthenumericalsolutionovertheregionwithinthe
contour.If.theentirefieldof calculationis subdividedintoa nuniber
of contiguousregions,itisthuspossible,by evaluatingtheint-e~al
aroundeachoftheenclosingcontours,tolocateregionswithinwhich
theerrorisrelativelyhigh. Thesolutionintheseregionscanthenhe
improvedby advancinglocallytoa finermesh. Thisti-chniquewasfound
tobe ofgreat-helpinthepresentwork. Itwouldprobablybeusefulin
otherellipticboundary-valueproblemsforwhicha relationanalogousto
equation(A1.5)canbe obtained.

,.

. . . .. .. ——— - ..— — .— ——— —-—— — —-—— —--—
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APPENDIXB

CALCOIATIONOFFLOWOVERREARWEDGE

INPHYSICALPLANE

Theprocedureusedto calculatetheflowovertherearwedgehas
beenoutlinedinthesection-METHODOFSOLUTION;Thefundamentalopera-
tionistodetermine?by stepwisemethods,theinitialrateofmovement
oftheknownintersectionpointsinthe.basiccharacteristicsnet. The
methodswhichareuseddependon thefactthatthesePOi-nts-~ by
virtueofthebasiccharacteristicsconstruction,pointsoffixed ~,e
(cf.equatio~(55) ~a (57) ofreference3).

Thefirststepistodeterminetheinitialrateofmovementof
thosepointsatwhichtheMachlinesofthebasiccharacteristicsnet
meetonthesonicline.Forthispurpose,considerequations(48),
whichgivetheinitial.rateofmovementofa generalpointoffixed T,O.
If theseequationsarespecializedtoapplytopointsonthesonicline,
thefollowingrelationsme obtained:

JeX’(o,e) s+- *’T(MI
u (3W

(2ew)=/3~,Y’(o,e)=— “
47W

.

(Bla) ‘ -

(Bib)

.
Towriteequation(Rla)thepathof integrationinecymtion(&) is
takenalongtheupperboundaryfromO toB (seesketch(e)onpage21)
andthencedownwardalongthesonicline. Thecontributionofthe
portionfromO toB is zeroby tirtueofthecondition(37).Ina~ly-
@ liieseequations,thevalueof ~w islamwnfromthebasicsolution.
Theintewalinequation(Bla)isevaluatedbymechanical.integration
ofa curveofnumericallydeterminedderivatives.ProperaUowanceis
madeforthesingulari~attheshoulderby integratingthesingular
solutionanalytically.Thecomponentratesofmovementofthesonic
pointattheshoulderarebothseentobe zero.

Thenextstepinthesolutionisto calculatetherateofmovement
of intersectionpointsdownstreamofthesonicline. !thiSiSdoneby
proceedingstepw%ealongconsecutivedowngoingcharacteristics.

.— —-— -—
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. Considerthreetypicalnetpointsas showninsketch(1)(cf.also
fig.4 ofreference3). Thedashedlinesrepresenttheoriginalposi-
tionoftheMachlinesthroughpointsa,b> andc,andthesolidlines
representtheirdisplacedposi-
tionscorrespondingtoa small>
finiteangleofattacka.
Sincetheintersectionpointsin
theMachnetarepointsofftied
~,tl,thecomponentsof their
displacementaregivenby aX’
andaY’. Theslopeofeachsegment
ofMachlineistaken,inaccord
tiththeproceduresofrefer-
ence3,as theaverageofthe
slopsscalculatedat thetwoend
points.Theslopecalculatedat
eachendpointdepends,imh,
onlyonthevalueof q atthat
point(cf.equation(’j4)of
reference3).

It isdesirednowtodeter-
mine XtandY? atpoint c in
termsof Xl andY? atpointsa

o
\\\

. & -)[1
\\m= & \

\
\ c“’’’i--0’/0-/

‘c”
0

0
0

/
/

b~’

Sketch(1)

andb. Sincethevalueof TIata givennetpointisthesameinthe
displacedandundisplacedpositions,-itfollowsfrom
abovethateachsegmentofMachlinemustretainits
titerdisplacement.If thisslopeisdenotedbyE,
relationsarethenreadilyobtained:

Y~a-Y~+@cX~‘~cXra
~tn =
-- G

%C - %C

whathasbeensaid
originalslope
thefollowing

(B2a)

Y’c=%cy’a-&cy’b’@a&c(x’b-~’a)
%)C-%c

(w-b)

Withtheserelations,itisa simplematterto calculatetheinitial
rates ofmovement
characteristics.
b istakenatthe
zero.Thus,X’c
determinedsolely
Fortheremainder

ofsuccessivenetpointson consecutivedowngoing
Forthefirstcharacteristictobe considered,point
shoulderoftheprofile,where X’ andYt areboth
andYrc fornetpointson thischaracteristiccanbe
intermsof X’aandY~a andtheslopes&c and@c.
ofthe‘downgoingcharacteristics,X’bandy’b are

—— .—. -— —. —
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‘knownfromcalculationsalongthecharacteristic-diately preceding.
Theactualcalculationscanbe carriedoutinstraightforwardtabular
fOrm.

Theforegoimgprocedureenablesthecalculationof X3andY’ for
allnetpointsexcepttheonesoriginallyat thesurfaceoftherear
wedge.Forthesepotits,considerationmustbe giventotherequired
boundaryconditionatthesurface.Thisboundaryconditionis

e(x,+o;u) =

fromwhichitfollowsthat

e:(%,+0)

Theproblemnowisto determine

,
- (e-) (B3)

= -1 (B4)

xl and.P atthesurfaceofthe
wedgeinsucha waythateqyation(@t)is satisfied.Todothisequa-
tion(53b)isfirstspecializedtothesurfaceofthewedge,whereit
isreadilyshownthat %6 = ~q= O. Intiewofcondition(Bk),there
results

Y%-b-ew)= ?e(~,-ew) (B5)

Thevalueof Yt atyointsoriginallyonthesurfaceofthewedgeis
thusf-d @ctlyby thebasicsolution.Thecorrespondingvalueof
X’ canbefoundfroma constructionanalogoustothatof sketch(1)
andis

Yfa-Y’c-~@ta
Xlc =.

-kc
(B6)

,

Thepoint c isnowthepointoriginallyonthesurfaceofthewedge
(i.e.,Y’c isas givenby equation(B5)),andtheremainingnotation
isthesameasin sketch(l). -

Applicationofequation(B5)requirestheknowledgeof ~ (q,-%),
whichinthecaseofthe~d.geprofileisequalto l/5y. f’Evauation
ofthelatterderivativecan.becarriedouttirectlYfromthebasic

. I&chnet,buttheproceduresarecumbersomeandinaccurate.A better
methodistousetheequationsofmotion(cf.equation(6)ofrefer-
ence4)toexpress~ intermsof ijx.Fd.loWiRgthisprocedure,one
obtainsfinally

Te(71,-Qw)= ~ (2ew)1/s

mwfix(w-o)
(m

—
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Thequantitiesfiand~ whichappearhereareeasilyevaluatedfrom
thebasicsolutionforthechordwisedistributionof ij.

‘Iheyrecedingequationsenablethecalculationoftheinitialrate
ofmovementX? forpointsoriginallyonthesurfaceoftherearwedge.
Thefinal.stepistodeterminethecorrespondingdistiilnztionoflift.
Forthispurpose,eqpation(53a)isspecializedtopointsontherear
wedgeto obtain

~’(x,+o) = - X’(1-1,-ew)fif$rl,-(lw)

which,inviewoftheboundaryconditionscanbe showntobe equivalent
+0

q’(x,+o) = - (B8)x’(?l,-ti)ilx(&o)

Thedistributionofliftisthenobtainedfromequation(~).

.

—.——— .—— —— —.— — ..—.
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SOLUTIONOFPROBLEM

Calculation

.
APPENmxc

FORCOMPIJ35Ylsm?msoNIcFLOw

ofLift+urve
CenterofLift

If conditionsaresuchthat &~ 21/9

Slopeand

= 1.260(corresponding
to ew~l;cf.equation(13)),then-thebasicflowover theprofileat
zeroangleofattackiscompletelysupersonic.Thesolutionforthe
lift-curveslopeandcenterofliftata vanishinglysmallangleof
attackcanthenbe carriedoutanalyticallyasfollows:

Considera completelysupersonicflowaboutthedouble-wedgeprofile
ata smallangleofattack.In thephysicalplanetheflowfieldhas
thewell-lmownappearanceshownon theleftinsketch(m). Thecoue-
spondinghodographoftheflowalongtheuppersurface,intirmsofthe

o

8

Shock
wovey

n \
\
\
\
\

~=-&a ‘

I

+2
\

Sketch(m)

normalizedsmall-distmbancevariables~ and13,is shownontheright.
Thequantitiesewanda are,asbeforethehalf-angleofthewedge

~andtheangleofattack(alsonormalized. Exceptfora smallrange
of go justabove1.260(seebelow),flowconditions~tbe cons~t
alongeachofthesegments1 and2 oftheuppersurface.Inthehodo-
grapheachofthesesegmentsisthusrepresentedby a s-e point
locatedas shown.Itisappsrentthatfora givenvalueof Elw,the
speedsTIlandq=,whicharetheprimaryunlmownsintheproblem,are
functionssolelyo~%theangleofattacka.

.

——
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Tofindthelift-curveslopeandcenterofliftitisnecessary
firsttofindthederivatives~’1=(d~l/da)-andqt==(d~~da)=.
Thiscanbe donewiththeaidoftheequationsfortheshockpolar

“e= (l-q)= (cl)

andforthedowngoingcharacteristicl”

6 23/2~9/2= constant-—
3

(C2)

Tofind q?l,onemustutilizetheboundaryconditione~=~-a.
Substitutionofthisconditionintoequation(Cl)protidesthefo~owing
implicitequationfor ql:

Differentiation

~ - CL= (L-ql)q (C3)

ofthisequationgives

.

Fromthisitfollowsthat

(C4)

where,as inthetext,thebarsdenotethevalueof ~1 at a = O.
Thqvalueof ~1 canbe foundintermsoftheparsmeter~ by solvtng
equation(C3)for q= with a setequalto zero.Theresult,obtained
throughstandardmethodsforthesolutionof cubicequations,is

where

,= arc.os(;3&3w) ~

(C5)

10Compareequation(53)ofreference3.

—. ———-___ _ -— —.. —.—.——
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Tofind TI?2,equation(C2)forthedowngoingcharacteristicis
firstspecializedsoastopassthroughthepoint1. Thisgives

Substitutionof
theresultthat

the%oundsx’ycontition02 = - ~ - a thenprovides

( )2/372= lpa + ~%
G

Takingthe“derivativetithrespectto a, one

where ~‘1 is given-by

Sincethevalueof
thelift-curveslapeis

- 1/2
11~

( )

1/3-3/2+ ~%
~1,

4/.

equation(C4) and ijl

o

obtainsfinill.yat a = O

7’1 (c6)

by equation(C5).

v’ is constantoneachsegmentoftheprofile,
easilyfoundfromequation(57)andis .

dcz

,(L
[(7+1)(t/c)]l’3~ =

Substitutionfromequation(c6)gives

Themoment-curveslo~e,formomentstakenabouttheleading
foundtobe

or

()[(7+1)(t/c)l=’g: = -; (2%?)=’3(llt~+ 37’2)
a=o

< )![(7+1)(t/c)]l/ ~

.

edge,is

.

(c8)
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.
Thepositionofthecenterofliftisgivenaccordin@yby

1-+ ‘“L

()x (dc~da)@o ‘ [ii”/2+(3/%fq%dl’s .
~z = - (dcz/d~)~.~x

1+
qll/.=

49

(C9) ‘

[ills/Z+ (3m)e#~=

Inequatioti(C7)and(c8),thefirstterminsidethebracketsrepre-
sentsthecontributionofthefrontwedge,thesecondtermthatofthe
rear.

Equations(C7)and(C9)arethebasisforthecurvesshownin
figures5 and7 forvaluesof EO>l.260.Theresultsshowcertain
curiousfeatureswhentheflowoverthefrontwedgeis justsonic
(i.e.,til=o,%1, go=l.2601.~ese areas fo~ows:

tion

from

(a) Theliftcontributedby therearwedgeis zero(seeequa-
(C7)●

(b) Thecenterofliftisat thequsrter-chordpoint(follows
statement(a)plustheconditionofuniformlifton thefront

wedge;seealsoequation(C9)).
.

(c) Therateof changewithrespectto ~ ‘isinfinitebothfor
thelift-curveslopeof thecompleteprofilean~ forthepositionof
thecenteroflift(followsfromdifferentiationofequations(C7)
and(C9)).

Theseresultsareassociatedineverycasewiththebehaviorofthelift
calculatedfortherearwedge.

, EstimationofLowerLimitforConfrtantSpeed
AlongRearWedge

Thefeaturesjustenumerated,thoughhavinga certaincuriosityin
themselves,cannotbe acceptedas completelycorrect.Becauseof inter-
actioneffectsbetweentheshockwavefromthebowandtheexpansion
fanfromtheshoulder,thefundamentalconditionofconstantspeedat
thesurfaceoftheprofilewillnotbe satisfiedalongtherearwedge
untilthevalueof go issomewhatgreaterthanl.260.Untilthen,
disturbsacesreflectedfromtheshockwavewi~ reachtherearwedge
andcausea slightdEcreasein speedtowardthetrailingedge. This

.—.——. — — .—.. — —— -.. .—



m

effectwillceasewhenthef’orwardmost
thetrailingedge.Theexactvalueof
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reflectedMachwavejusttouches
Efiatwhichthisconditionwill

be metisdifficultto determine.An upp:rboundcan,however,be esti-
matedasfollows:

Considerthebasicflowfield(a==-)overtheupperhalfofthe
profilewhenthefirstreflectedMachwavejuststrikesthetrailing
edge. Sketch(n)showssucha flowfieldas itwouldappearintran-
sonicsimilarityform(cf.pp.12-13ofreference2). In drawingthe
sketcha speciala~sumptionhas%eenintroducedbeyondthoseimplicit
inthesmall-disturbancetheory;namely,thatthefirstreflectedMach

Shockwave

First Mach wave
ofe.tpansionfan

Y
of J7>streflected

<
//2 3/4 /
x/c

Sketch(n)

waveisstraightandhasanangleof inclinationM equal.tothatof
thefirstwaveintheexpansionfan. Withthisassumption,thecorre-
spondingvalueof go iseasilydetermined.Sincethereflectedwave
mustactuallybe curveddownstream,thevaluesodeterminedwillbe
~ater

on
between

than-thecorrectvaluefor-therequiredcondition.

thebasisofsketch(n),thefollowingequationcanbewritten
theshockanglek andtheMachangle W:

tanx= :tanv (Clo)

A relationbetweentheshockangleX andthespeedijlintheregion
behindtheshockcanbeobtained’fromequation(C3)andtheknownprop-
ertiesoftheshockpolar.Theresultis

.

.

.
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An analogousexpressionfortheMachangle w isgivenby equation(54)
ofreference3 andis

\

Substitutionoftheserelationsintoequation(C1O)andsolutionfor fil

.

The accompanyingvalueof 13w,fomd from

~ = 0.9685

equation(C3)with u=O,is

Thiscorresponds,accordingto equation(13).,to ‘

’50=1.287 (Cll)

Thus, forvaluesof go between1.260andsomelimitlessthan1.287,
theresultsofequations(c7),(c8),and(c9)arenot~act insofaras
thecontributionoftherearwedgeisconcerned.It canbe reasoned “
that_inthisrmge anexactsolutionwouldindicatemoreliftforthe
rearwedgethandoesthepresentanalysis.

.

.
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